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We discuss ome group theoretical properties of Yang-Mills theories. We consider con- 
ditions necessary and sufficient o decide if the gauge field is reducible and prove some 
related theorems. We give criteria for embeddings and work out the case of SU(3) 
explicitly. 
1. Introduction 
Nowadays it is widely accepted that classical solutions of Yang-Mills theories are 
of physical interest. For a recent review of this subject see, for example, ref. [1 ]. 
Belavin et al. [2] have given a self-dual solution of the SU(2) Yang-Mills theory. The 
properties of this solution have been extensively studied, and other solutions have 
been obtained. However, the construction of explicit solutions has not gone beyond 
the SU(2) gauge group. All solutions which are known to us are either SU(2) solu- 
tions, or embeddings of these SU(2) solutions in some larger gauge group. Neverthe- 
less, one of the most interesting physical cases is the SU(3) colour gauge group of 
quantum chromodynamics. Attempts to find non-trivial solutions for larger groups 
(non-trivial in the sense that they are not embeddings of SU(2) or SU(2) X SU(2)) 
have not produced any result so far, although it is not easy to see that a solution 
corresponds in fact to an embedding [3-5]  (see the remark at the end of sect. 5). 
The existence of self-dual field configurations in SU(N) Yang-Mills theory, which 
are non-trivial in the sense defined above, has been established [6,7]. It can there- 
fore be expected that the search for such solutions will continue. In this respect, 
the B~cklund-type transformations which have recently been developed for SU(2) 
and SU(N) [8] may be helpful. However, it is not clear if this method, when applied 
to an embedding of an SU(2) solution in SU(N), will produce a non-trivial SU(N) 
solution of finite action. 
It is not always easy to conclude that a given solution of an SU(N) theory is in 
fact an embedding of a smaller group. Clearly a solution which in one gauge is ob- 
viously of SU(2) type in SU(N) can be very complicated after a sufficiently tricky 
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SU(N) gauge transformation. This is true in particular for the algebraic structure of 
the gauge potential Au(x), since a gauge transformation does not act simply on A u 
as a conjugation by a group element. It is therefore of interest o have criteria which 
allow one to distinguish between embeddings and non-trivial solutions, especially if 
these criteria are sufficiently simple to be used in explicit algebraic alculations. 
In this paper we answer some of the questions related to embeddings. In sect. 2 
we discuss ome general properties of gauge fields and embeddings, we give some 
definitions and establish our notation. In sect. 3 we give a theorem which provides 
us with a local characterization f an embedding. We show that if the field strength 
tensor and a number of its covariant gauge derivatives belong, in a neighbourhood 
of some point x, to a subalgebra ~ of an algebra ~, then there exists a gauge in 
which also the gauge potential Au(x ) belongs to ~,  in this same neighbourhood. 
We must then establish that such a local property is, in fact, sufficient o character- 
ize an embedding lobally. This we demonstrate in sect. 4, where we discuss a num- 
ber of global properties of gauge fields. In sect. 5 we consider explicitly SU(3), and 
give criteria which allow one to recognize an SU(2) or 0(3) embedding in SU(3). 
These criteria are again of a local nature, but our results in sect. 4 show that they 
are nevertheless ufficient. Some technical details of the proofs we give in sects. 3 
and 4 have been gathered in the appendices. 
2. General properties of gauge fields and embeddings 
In this section we shall discuss ome aspects of gauge theories which are related 
to the problem of embeddings. Let us first establish some notations. 
In order to define a gauge structure on the compactified Euclidean space E 4 (~S 4) 
one must first cover  E 4 with a finite number of overlapping open regions 0 i (for S 4 
two regions are sufficient). Then the gauge potential A~(x) is defined in each of the 
regions (gauge patches) Oi by analytic functions: 
A~(x): i~ A~, (x)X~, (2.1) 
where the Xc~ are the generators of the gauge group G satisfying 
[X~, X~] = 2if~v X~,, (2.2) 
with real structure constantsfc~7. In the regions of overlap Oi • Oj there exist. 
transition functions Uij(x) of G, regular in Oi n O/, which relate A~(x) and A~(x): 
A~ (x) ~ Uij(x) A~ (x) ~ ' (x )  + iU~/(x) a~, u~7'(x). (2.3) 
The field strength tensor, which also takes its value in the Lie algebra ~ of G, is 
given by 
Fu~(x ) = ~uA~(x) ~,Au(x ) - i[Au(x ), A~,(x)] , (2.4) 
where we have suppressed the index labelling lhe patches Oi. We shall also need 
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gauge derivatives of Fuv(x ), given by 
DoFuv(x)= OoFuv(x) - i[Ao(x), Fur(X)] , 
DZoFuv(x) = aoDoFuv(X ) - i[A o (x), DoFuv(x) ] , (2.5) 
etc. Under a gauge transformation U(x), where U is an element of G, we have the 
following transformation properties: 
A' u (x) = U(x) A u (x) U - '  (x) + iU(x) a u U- 1 (x) , 
F'~(x) = V(~)G~(x) ~-~ (~), 
D'oF'uv (x) = U(x) DpFuv (x) U -  1 (X), (2.6) 
etc. Let us now define what we mean by an embedding. A gauge potential Au(x ) of 
a group G is an embedding if there exists a gauge in which the Aiu(x) for all the 
regions Oi belong to a subalgebra ~¢ of the algebra ~ of G, and the transition func- 
tions belong to the group H generated by 9¢. 
Clearly, once the gauge potential is in ~,  we can still make gauge transformations 
of the group H, and in this sense we can consider the theory to be an H gauge theory. 
The information that we started out with a larger group G is not completely lost, 
certain quantities (for example, the topological charges) still depend on the way the 
group H has been embedded in G [9,15]. The equations of motion recognize only 
the group H. 
It will be useful in what follows to define also a local kind of reducibility: we 
shall call A/u(x) reducible in Oi if there exists a gauge transformation U{x), defined 
and regular in Oi, which transforms Ai~(x) into a subalgebra ~ of G. A~(x) is irre- 
ducible in O i if it cannot be transformed into a smaller subalgebra than the last one 
obtained by reduction. 
To study certain group theoretical properties of a gauge theory, it is, because of 
the transformation properties (2.6), advantageous to consider properties of the field 
strength tensor. The question then arises to what extent the knowledge of the field 
strength tensor suffices to determine the field A u. In recent years much attention 
has been paid to this reconstruction problem. For classical electrodynamics (i.e., the 
U(1) gauge theory), the field strength completely determines the potential Au, if one 
considers a simply connected region. For non-Abelian theories it is known that the 
field strength tensor alone is not sufficient: a counter-example has been constructed 
by Wu and Yang [10]. They give two gauge fields Au, for an SU(2) gauge theory, 
which cannot be gauge transformed into each other, but which nevertheless give the 
same Fur. So, for non-Abelian theories, more information has to be provided to 
characterize the gauge field. A general theorem has been given by Gu and Yang [11]. 
They prove that for a G gauge field theory the gauge field can be determined by the 
field strength and its gauge derivatives up to pth order, where the integer p is at most 
the order of the group G. By "determined" they mean of course up to a gauge trans- 
formation which leaves Fur, DoFuv .... the same. This theorem is useful for our put- 
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poses, since it characterizes the gauge field, up to a certain class of gauge transforma- 
tions, by quantities which transform in the adjoint representation by conjugation 
(2.6), and which are therefore minently suitable for investigation by group theo- 
retical methods. As an application of the theorem consider the case that Fur(X)= O. 
As a consequence all gauge derivatives o fF  also vanish. Since Au(x ) = 0 is a gauge 
potential corresponding to Fuv = 0, the theorem tells us that the most general poten- 
tial is a pure gauge, i.e., 
Au(x ) = iU(x) OuU -1 (x) . (2.7) 
Given the Gu-Yang theorem, one can now ask a question about embeddings. 
Suppose that Fur and its gauge derivatives up to the order required by the theorem, 
all belong to a subalgebra ~ of the algebra ~, and we know that A u E ~ exists, can 
we draw the conclusion that by a gauge transformation U of G, which commutes 
with F and its derivatives, A u can be transformed into A~ E ~?  Clearly this is not 
a direct consequence of the Gu-Yang theorem, since the existence of one A u in 
would be required for its application. In sects. 3 and 4 we shall demonstrate his 
extension of the Gu-Yang theorem with group theoretical methods. We believe the 
proof to be instructive since it clearly shows the restrictions on the freedom ofA u 
to take values outside the subalgebra ~g. The understanding of these restrictions 
helps us to formulate, in sect. 5, practical criteria which distinguish between em- 
beddings and solutions of the full gauge group. 
The problem of recognizing embeddings would be much simplified if one could 
find a gauge condition which restricts A u in such a way that the true gauge group 
is immediately visible. An example of such a gauge condition can be found in a 
recent paper by Bernard et al. [12]. However, such gauges cannot be imposed every- 
where on the compactified Euclidean space S 4, and therefore do not solve the prob- 
lem globally. Also, the local construction of such a gauge involves olving differen- 
tial equations, and does not seem to be very practical. 
We cannot exclude the possibility that our theorems could also be established by 
a differential geometrical pproach (the holonomy group). For a recent review of 
the relation between differential geometry and Yang-Mills theory we refer to the 
lectures by Stora [13] and references therein. 
3. Characterization f embeddings 
In this section we state and prove the theorem mentioned in sect. 2, for a gauge 
field defined on an open set of E 4 (one patch). In sect. 4 we will discuss global 
properties. 
Theorem 
Let 9 r be a G gauge field, where G is a compact group, on a simply connected 
open set of E 4 with an analytic gauge potential Au(x ). If the field strength Fuv(X )
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and its covariant gauge derivatives DoFuv , D2oFuv,  ... can be written in terms of a 
pr.oper subalgebra c/g of ~, the Lie-algebra of G, then there exists a gauge in which 
A,  (x) can be written in terms of c7/~, i.e., the field 9" is an embedding of the sub- 
group M of G in this open set. 
We first construct he algebras 9~x, which are generated by Fuv(x ), DoFuv(x  ) . . . .  
Since G is compact, these algebras 9~x must be of the form 
~x = c3~ • ~ , 
where dx is semi-simple and s~ x Abelian. The algebra of a compact group has only 
a finite number of semi-simple subalgebras (up to conjugations). Let us call them all, 
c52 ..... C-Sn and choose standard, and of course x-independent, bases for them. This 
implies that there exist group elements U(x), with 
03 x = U(x) d i (x )U(x ) - '  , 
where cJi(x) is one of the standard subalgebras. Since ~x  is spanned by vectors which 
depend analytically on the variable x, the dimension and the structure constants of 
~x  must be independent o fx  almost everywhere. This is also true for CJx, and there- 
fore eSi(x) must be the same almost everywhere: 
~ = U(x)  ¢SioU(x)-' . 
We then perform tile analytic gauge transformation U -1 (x), and find that F'uu(x), 
D'oF'.v(x ). . . .  generate the algebra 
9G = c5 • s~ x . 
In the following we drop the primes and take the semi-simple part of ~x  to be inde- 
pendent ofx.  We must now choose a basis for the Cartan subalgebra ~ of q. This we 
do by taking the basis of the Cartan algebra oft3 first, and completing to find a basis 
for C. We can assume without loss of generality that the Abelian part of 9fx is in Q, 
and that the x-dependent generators of s~ x can be written as 
a i(x ) = ~oii(x ) c / , 
where the Q are generators of e,  and the analytic functions ~oq(x) for fixed i are 
linearly independent. The algebra generated by the cj appearing in the al(x) we shall 
call _~. It is the smallest Abelian algebra containing all the s~ x for different x. There- 
fore 
9t = d ~ sg D g{x = CS ~ M x . 
Clearly ~ is a subalgebra of c/~. We shall show that Au(x ) can in fact be written in 
terms of ~ .  
Let us now define the algebra ~,  consisting of all elements of ~ which commute 
with 9f. Similarly, we have ~x- We will show that 
~=~x.  
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Clearly we have the following relation 
so that we only have to prove that _cq = -~x. We give this proof in appendix A. Now 
that we know that ~ = ~x the rest fo the proof is simple. We decompose the algebra 
into two parts, 9f and ~ l  which are orthogonal with respect o some invariant 
scalar product. Then 
Au(x)= A~ (x) + A~(x) . 
Because F~v(x), DoF~v(x), ... are in~ x C 9f we find with this decomposition and 
using (2.5) that 
lAb.(x), c 
But from the orthogonality of ~ and ~ l  follows that for any h 6 c~, h i 6 ~±,  
[h, h l] E ~ l  , 
and therefore 
= O. 
We know that A~(x) belongs to ~x ,  and therefore also to c~. In fact, A~ must belong 
to ~ N ~±,  which is again an algebra. Let us now calculate the component of Fvv 
on ~ (3 c'M±, which of course must vanish: 
F~ n~± = O.A~ - O~A~- i IA~ A~] = O . 
Since the gauge potential corresponding to a vanishing field strength tensor is a pure 
gauge, we find that A~ can be gauged away, which means that Au E c-~ C 9'~. 
We have seen that in fact it is not the algebra ~ which is important, but the alge- 
bra generated by 1.~.(x), DpF.v(x) ..... which we have called c~ x. We have seen that 
the semi-simple part of the true gauge group, H, can immediately be obtained by 
constructing cd~ x in an almost arbitrary point x, the points where a smaller algebra 
will be found being of measure zero in E 4. The remaining problem, and the reason 
for the rather lengthy proof, is caused by the possibility that the Abelian part of c'~ x
depends in an essential way on x. 
4. Global properties 
In sect. 3 we have studied the conditions under which the gauge potential Au can 
be reduced in an open set 0 of S 4 to a proper subalgebra of ~. Since two open sets 
are needed to cover S 4, these conditions are not a priori sufficient o characterize an 
embedding. According to our definition in sect. 2, the gauge potentials must be reduc- 
ible in both open sets to the same subalgebra c~ of ~, and the transition function 
which relates the gauge potentials must also be reducible to a proper subgroup of G. 
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In this section we shall show that in fact the reducibility of the gauge potential 
in one of the gauge patches is a surfficient condition for an embedding. To do 
this we must prove that if in O1 the gauge potential A~ is reducible to cSg, then A~ 
in 02 is reducible to the same subalgebra, nd that the transition function Uis reduc- 
ible to the associated subgroup. We shall first establish that A~ and A~ can be reduced 
to the same subalgebra ~.  Of course we must use the fact that a transition function 
relating A~ and A~ exists. Afterwards we shall show that the transition function can 
be reduced to H. 
So we consider two gauge potentials Aau(x) and A~(x), defined in Ol and 02, 
respectively, by analytic functions A~C~(x), Au2a(x): 
A' . (x )  = A],"(x)  x'. , 
A2u(x) = Au2"(x) Xza, (4.1) 
where X/~ are generators of subalgebras ~ i  of ~. The transition function U(x) is 
defined and regular in Oi (3 02 and transformsA~ intoA~: 
A2u(x) = U(x) A~ (x) U-' (x) + iU(x) OuU -1 (x). (4.2) 
We shall assume for the moment hat A~ and A~ are irreducible with respect otal  
and cd~2, i.e., they have both been reduced to the smallest possible subalgebra. We 
shall then show that ~1 and cdg 2 must be the same, up to a constant (x-independent) 
conjugation. 
Since it is the transformation U(x) which relates c'd~ l and c'~2, we must first estab- 
lish some properties of this transition function. We know that in 01 (~ 02 
F2uv(x) = U(x) F~v(x) U -1 (X), 
(DoFuv(X)) 2 = U(x)(DpFuv(X)) 1 g "-1 (x), (4.3) 
etc., where Fiuv(x), (DoFuv)i(x) ..... belong to O(i. 
As in sect. 3, we define the algebras ~ lx  and ~ax- We know from (4.3) that 
there exists a transformation U(x) which transforms ~ lx  into c'dgax: 
CJgzx = U(x) ~;g,x U -1 (x) . (4.4) 
In appendix B we show that this is sufficient o conclude that the algebras Cd(lx and 
~zx  are the same, and therefore also ~ j  = ~z ,  possibly after a constant (x-inde- 
pendent) gauge transformation has been performed. 
So we can now conclude that ifA~ and A~ are reduced to the smallest possible 
subalgebras c~ 1 and ~z ,  then ~1 = ~2 = ~.  What remains to be shown is that the 
transition function U(x) can be chosen in the group H associated with c-j(. In appendix 
C. we show that the most general transformation U(x), which satisfies (4.4) with 
~1 = c~ 2 = ~,  is of the form: 
U(x) = UH(X) UVt±(x)D, (4.5) 
where UH(X ) is a transformation of H, UVfj(x) is a transformation of tile group H~ 
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associated with'U~± = c~± A ~,  and D is a constant ransformation which has the 
further property that 
DF~vD -1 C ~ , 
D(DoFtw) 1 D-' E~ , (4.6) 
etc. Since D is regular in O1, we can redefine our gauge potential in O~ to be 
Alu'(x)= DA~u(x) D-1 , (4.7) 
and define a new transition function 
Ur(x) = UH(X) U~l±(X), (4.8) 
which transforms A~'(x) into A~(x): 
A (x) = V.(x) W#l(x) W.l(x) 
+ iUH(X ) U~±(x) Ou(U~l±(x) ~UHI(X)). (4.9) 
1¢ Since U~ leaves ~,  and therefore A u invariant, we can simplify (4.9): 
A 2 (X) = UH(X ) Ale'(x) ~H 1 (X) + iU H (x) Ola~H 1(X) + iU~l(x ) O#U~I±(x). (4.10) 
The last term in (4.10) belongs to the Lie algebra ~ l ,  and since all other contribu- 
tions belong to c~, this last term must vanish. Therefore we see that 
= " UH(X) A u (x) ~H l (X) + iUH(X ) ~/.,/~H 1 (X) (4. l l )  
SO that A~' and A~ are indeed related by a transition function UH(X), belonging to 
the group H. 
We have assumed in this section that Alu(x) and A 2 have already been reduced to 
the smallest possible subalgebras. If this were not the case, the algebras in terms of 
which A~ and A 2 are expressed may of course differ. However, in the proof of the 
theorem in sect. 3 we have shown explicitly how the smallest algebra can be obtained. 
Therefore the restriction of irreducibility made at the beginning of this section is not 
essential. 
We can therefore state that the conditions given in the theorem of sect. 3, which 
are necessary and sufficient for local reducibility, are also sufficient for global reduc- 
ibility of the gauge field. 
5. Criteria for SU(3) 
In this section we shall explain how one can recognize mbeddings of subalgebras 
of SU(3). The arguments which we shall give are of a local nature, i.e., they concern 
only the gauge field, the field strength tensor and the gauge derivatives (defined in 
sect. 2) in an arbitrarily small neighbouhood of some point x. In this section we shall 
not concern ourselves with the singularity structure or the gauge patch structure of the 
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gauge fields, which has been discussed in sects. 2 and 4. 
The case of SU(3) is relatively simple because the number of semi-simple subalge- 
bras up to a conjugation is small. Any subalgebra is a subalgebra of one of the maxi- 
mal subalgebras, and of these there are only two for SU(3), corresponding to the sub- 
groups SU(2) × U(1) and O(3), respectively. Our criteria allow to decide if some 
given SU(3) gauge field is an embedding of one of the two maximal subalgebras. Once 
this question has been settled it is a trivial matter to go further down the chain of 
subalgebras, i.e., to check if the embedding is, in fact, SU(2) or U(1). As a basis of 
the SU(3) algebra we take the usual X matrices of Gell-Mann, and we assume there- 
fore that the gauge field and all derived quantities are given in the form of Hermitean 
traceless 3 X 3 matrices. We must also choose a suitable basis for the subalgebras. 
Taking the pair { X3, X8 } as the Cartan-subalgebra of SU(3), we take bases for the 
subalgebras which contain as many elements of the Cartan-subalgebra as possible. 
For SU(2) X U(I) we take { X~, X2, ks, ks }, for 0(3) the basis will be {--2)',3, k4 + kT, 
X s + k 6 }. Of course, the basis { X2, ks, X7 }, which is more often used for 0(3), is 
conjugate to the basis we have chosen. 
Our reasoning can be summarized as follows. Given a gauge field Au(x) of SU(3), 
we calculate Fur (x). We then diagonalize a non-vanishing linear combination of Fuv, 
let us say F12 (x), by a unitary transformation U(x), and we calculate A'u(x ) in this 
new gauge. Then there are three possibilities. 
(i) F12(x)has three different non-zero eigenvalues. In this case the embedding 
if any, must be SU(2) X U(1), and this can be decided immediately, since then the 
matrices A'u(x) must have a particular structure. 
(ii) F12 (x) has one zero eigenvalue. Then the embedding can be SU(2) X U(1), 
t which can again be recognized by simply looking at Au(x), or 0(3). 0(3) can be 
p 
recognized by verifying some algebraic relations which the components ofA u must 
satisfy. 
(iii) F12(x)has two equal eigenvalues. This turns out to be the most complicated 
case, and we shall treat it at the end of this section. 
So let us now look in more detail at cases (i), (ii) and (iii), and let us assume that 
the gauge potential Au(x ) is such that F12(x) is diagonal. If F12 has three different 
non-zero eigenvalues we cannot have an embedding of 0(3). Eigenvalues of Fur are 
gauge-invariant, and since any element of the 0(3) subalgebra has one zero eigen- 
value, this must be true in any gauge. The gauge transformation which diagonalizes 
Fx 2 is unique up to a discrete (x-independent) transformation, which interchanges 
the eigenvalues, if Fx 2 has three different non-zero eigenvalues. Therefore the poten- 
tial Au(x ) is now determined up to one of these discrete transformations. If we let 
these discrete transformations act on the basic representation f SU(2) X U(I), we 
see that we get three possible block-like structures 
E!0  l ,0  0 ,  0 
Lo! 
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If Ata(x ) has one of these structures, we have an embedding of SU(2) X U(1). If the 
form ofA u is not one of these three, the gauge field is really an SU(3) gauge field. 
If Fl2(X ) has one zero eigenvalue, we can, without loss of generality, assume that F12 
is along X3. The gauge transformations which leave Xs invariant are conjugations 
generated by Xs. If we have an embedding of SU(2) X U(1), we must have once again 
one of the three block-like forms for A,u, since these forms are not changed by a 
gauge transformation generated by X8. I fAu is not in one of these forms, we can 
still have an enrbedding of O(3). The remaining auge freedom is given by the trans- 
formations 
U(x) = exp(i0 (x) x/l>.s) . (5.1) 
The action of this transformation on the generators of 0(3) is 
U(x)('a4+XT)U-l(x)=Caa+k,7)cosO(x)-(Xs X6) sin 0(x) ,  
U(x)('As +k6) U- ' (x )  = ('M --XT) sin O(x)+ ('a s + X6) cos 0(x ) , (5.2) 
while X3 is of course unchanged. A gauge transformation (5.1) also generates a pure 
gauge term in Au which is along Xs. So, once we have excluded the possibility SU(2) X 
U(1), we must do the following. 
(a) Check that A** has no component along Xl and X2. 
(b) Check that the relation between the components A~ for i = 4, 5, 6 and 7 is 
such that the angle O(x)exists: 
A~ A~_  A s A~_  tan O(x), for a l l t t .  (5.3) 
+ + 
(c) If the angle 0 (x) exists and has been calculated by (5.3), the gauge transforina- 
t ion  U(x )  -1 , with U as in (5.1), must remove the X s component. This concludes the 
case where Ft  2 (x) has one zero eigenvalue. 
Now suppose that F12(x ) has two equal eigenvalues. Without loss of generality 
we can assume that F12(x) is along ks. Now the remaining auge freedom is an SU(2) 
group, and although we could proceed as before and find the action of this SU(2) on 
the three SU(2) X U(1) forms, this will become quite complicated. Fortunately, there 
is a simpler argument, based on the fact that 
det [X8, B] = 0 (5.4) 
for any B in the SU(3) Lie algebra. So if we calculate [F,2(x), Fur(x)] either all 
commutators vanish, in which case all Fur must belong to the basic representation 
{ k l, X2, X3, X8 } of SU(2) X U(1), or one of the commutators does not vanish, and 
therefore has a zero eigenvalue. In this last case we go to the gauge where the non- 
t vanishing comnrutator is along X3, and in this new gauge Au(x ) nmst, if the embedding 
is SU(2) X U(I), have one of the three possible basic forms. If all comnmtators van- 
ish, and all F,uv have two equal eigenvalues we are forced to calculate gauge deriva- 
tives. As soon as we find any object which does not have two equal eigenvalues, or
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does not commute with ks, we diagonalize it and consider A u in that new gauge. If 
all gauge derivatives belong to SU(2) × U(1), we use the theorem of sect. 3 to say 
that we must have an embedding of SU(2) X U(1). 
This concludes the criteria for SU(3). In practice, the only calculation which is 
relatively complicated will be the construction of the gauge transformation which 
diagonalizes F~2(x). Once this is done, the question of embedding can, except in 
some rather special cases treated above, be settled by inspection. 
SU(3) solutions have been proposed by Yates [3] and by Wilczek [15]. The solu- 
tion of Wilczek is by construction an embedding of O(3) into SU(3), and the author 
explains how inequivalent embeddings can affect the topological charge (see also ref. 
[9]). The solution of Yates is constructed starting from an ansatz with cylindrical 
symmetry. This ansatz is a generalization to SU(3) of the one used by Witten [16] 
to construct SU(2) multi-instanton solutions. Yates' ansatz contains, in principle, 
field configurations which do not correspond to embeddings. However, the require- 
ment of self-duality leads to equations of which Yates obtained only a particular 
solution, which after a little algebra, can be shown to reduce to Witten's SU(2) solu- 
tions embedded in SU(3). This is because the only remaining SU(3) generators for 
this particular solution are { X2, Xs, XT}, corresponding to the 0(3) subalgebra of 
SU(3). 
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Note added 
After completion of this work we received a preprint of a recent paper by Bais 
and Weldon [ 17] on SU(3) instantons, which allows an interesting application of 
our criteria. The authors find solutions tarting from an ansatz similar to the one 
used by Yates [3]. Besides the embedding of Witten's SU(2) solution, they also ob- 
tain a field configuration which they claim is not an embedding. 
To verify their statement, we have applied the criteria given in sect. 5 to their 
solution. Using the cylindrical symmetry of their ansatz we have diagonalized the 
particular linear combination of their Fuu: raFoa . Since we find three different non- 
zero eigenvalues it is then sufficient o check the structure of the matrix A u in the 
new gauge. We find that their solution is indeed a non-trivial SU(3) solution. 
Appendix A 
Let us show that -~x = -~. Suppose -~x 4= -~. We already know that ~x  Ds~, 
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so we assume that there exists an element h(x) such that 
[h(x~ ~x l  =0,  [h(x), ~1S0.  
This means that there is at least one generator of ~ ,  let us say Cio, such that 
[h(x), Cio ] 4=0. (A.1) 
There is at least one generator of s~x, say ajo(X), in which Cio appears, so that 
[h(x), ajo(X)] = [h(x), .~  ~Oioi(X ) Ci] = 0 .  (A.2) 
l 
We can take h(x) to have no component on e .  We then consider the Cartan decom- 
position of ~ with respect o ~, so that 
h(x)= h~(x) E~ , (A.3) 
where the generators E~ and the roots ri(~ ) satisfy 
[Eoe, Ci ] = ri(~) Eoe . (A.4) 
We substitute (A.3) in (A.2) and use (A.4) to obtain 
G hoe (x) ~OJoi(X ) ri(o 0 = 0 ,  Vo: .  (A.5) 
i 
From (A.1)we find that there is at least one value ao such that 
hoeo (X) rio (aO) v e 0 . (A.6) 
We then calculate (A.5) for the value Oeo, and obtain a non-trivial linear relation 
between the functions ~%i(x). This relation is non-trivial because in the sum over i 
both ~OJoio(X ) and rio(aO) do not vanish. This is in contradiction with the known 
properties of-~x, and therefore 
~=_~ . 
Appendix B 
We start from 
9qx = U(x) ~xU- l  (x) , Vx ~ O, n 02 (B.l) 
and we shall show that c'~1 = c'~ 2 up to an x-independent conjugation. We know 
from sect. 3 that almost everywhere in O1 A 02 
~-ix = cSi • S~ix , (B.2) 
~i  = CJi m .9~ i , i = 1.2. (B.3) 
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We then obtain for the semi-simple and Abelian parts separately 
dz = U(x) 61U(x) - ' ,  (B.4) 
S~:x = U(x) ~ lxU(x)  -1 . (B.5) 
Now choose a point x0 where (B.2) holds. We may now perform tile constant gauge 
transformation U-l(x0)in the patch 02 and obtain 
~;x  = 61 * .9~;X • (B.6) 
We can always take s~l and a¢; to be subalgebras of a standard form of the Caftan 
subalgebra ~ of ~, as discussed in sect. 3. It is convenient to consider a diagonal 
matrix representation f C. From (B.5) we see that the action of U(x) on S~x is to 
transform diagonal matrices into diagonal matrices. This action can be performed 
by a constant, x-independent matrix K, which operates as a permutation on the 
eigenvalues of elements of S~lx, and leaves 61 invariant: 
~'2x = K ~ lx  K-1 , Vx . (B.7) 
We now perform the transformation K -1 in the patch 02. After this transformation 
we have 
~2x-  -~Ix (B.8) 
so that ~Z;~lx = c~'  x. By construction the smallest Abelian algebra containing ~ lx  
and s~2' x are identical, and therefore c'~ 1= c~2'. 
Appendix C 
Let 
~x  = U(x) °~xU(x)- '  . (C.I) 
We shall show that the most general form of U(x) is 
U(x) = UH(x) U~±(x) D ,  (C.2) 
where H and H± are the groups associated with c~ and ~ l ,  and D is an x-indepen- 
dent operator, the properties of which will be given below. We know that 
C~x = 6 • ~,  (c.3) 
and that 
6 = U(x) 6 U -1 (x), (C.4) 
~ = U(x) s~u- ' (x ) .  (c.5) 
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First, we establish ab absurdo that U(x) acts as an automorphism of ~ • ~±.  Let 
us assume that there exists an element a of ~ e ~± such that 
U(x) aU(x) -1 = b~,@~ + bi , (C.6) 
where b± 4= 0 belongs to the orthogonal complement of ~ * ~± in ~. We can assume 
that a has no component on eS, since from (C.4) we know that U(x) acts as an auto- 
morphism of eS. Then we must have 
[a, ~(x] : 0.  (C.7) 
The action U(x) on this last equation gives 
[b~@± + b±, ~x]  : 0, (c.8) 
from which follows (see sect. 3) 
[bi, g(x] = 0.  (C.9) 
So b± belongs to ~x  = ~ (sect. 3), and we assume it to be orthogonal to 2 .  So b± 
must vanish, and U(x) acts as an automorphism of g( • ~±. Any automorphism of
• ~± can be written as the product of an inner automorphism by a discrete outer 
one [14]. So U(x) can be written in the form (C.2). 
It is a simple exercise to show from (C. 1) and (C.2) that 
D~xD-1C~ . (C.10) 
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